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1 Introduction and summary
In quantum eld theory, there are few instances where, absent extra symmetries or du-
alities, one can analytically compute changes in observables under renormalization group
(RG) ow between conformal xed points. In the presence of a small parameter, more
progress is possible. A special class of large N RG ows in this category are those trig-
gered by a \double-trace" deformation of a conformal eld theory (CFT). These ows
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Figure 1. A renormalization group ow triggered by a double-trace deformation of a large-N CFT:
the UV xed point, at which the operator O has  < d=2, ows to an IR xed point, at which O
has conformal dimension d   , at leading order in 1=N . In this paper, we compute the leading
order change in four-point functions of single-trace operators, other than O, that couple to O.
have long been part of the vector model paradigm, in which the critical boson and fermion
theories [1, 2] may be reached by double-trace deformations of free bosons and fermions,
respectively. They also have a natural interpretation in the context of AdS/CFT, where
they are generated by a change in boundary conditions [3{5].
The eect of such deformations at the level of the CFT partition function [6], and the
relation to AdS boundary conditions [3, 4, 6{11], was clearly laid out in the early days of
AdS/CFT. In this work, inspired by a contemporary perspective on the value of correlation
functions to the foundations of CFT, we compute some more complicated quantities: the
change in CFT four-point functions under double-trace ow from UV to IR, and the eect
of such ows on the sector of double-trace operators in the IR CFT. The calculations
have simple bulk duals in AdS, an elegant relation to harmonic functions for the conformal
group, and reveal new observables whose change from UV to IR is sign-denite.
A double-trace ow is dened as follows. Consider a CFTd that admits a large N
expansion, and possesses a single-trace scalar operator O with  < d=2. Then we can
consider the relevant double-trace deformation
S = SCFT + 
Z
ddxO2 (1.1)
This triggers a ow from the unperturbed CFT in the UV to a new CFT in the IR in which
the operator O has dimension d +O(1=N). (We use the \vector model convention" CT 
N throughout this work.) See gure 1. On the AdS side, this has a clean interpretation: it
corresponds to changing the boundary conditions on the bulk scalar eld ' dual to O [3, 12].
The bulk scalar has mass given by m2L2AdS = (   d), and when d=2   1 <  < d=2 it
admits two unitary boundary conditions: the choice '  z (with the AdS boundary in
Poincare coordinates at z = 0) corresponds to the UV CFT, while '  zd  corresponds
to the IR CFT reached after the double-trace perturbation.
Double-trace ows are special: in the 1=N expansion (where the notion of \double-
trace" is well-dened), the IR CFT is only mildly dierent than its UV counterpart. To
leading order in 1=N , the single-trace dimensions and OPE coecients are identical except
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for those involving O. Beyond leading order, all operator data is generically modied.
This includes the dimensions and OPE coecients of double-trace composite operators not
comprised of O. Given some other single-trace operator , there exist innite towers of
double-trace primary operators of schematic form
[]n;`  :@2n@1 : : : @`:   (traces) ; (1.2)
where the subtraction enforces the primary condition. There is one operator for each (n; `),
with conformal dimensions
n;` = 2 + 2n+ `+ n;` (1.3)
for some n;`. We now know that their quantum numbers are a rich source of dynamical
information about interacting large N CFTs: they are sensitive to the coupling strength;
they are constrained by causality and unitarity [13{15]; crossing symmetry of four-point
functions relates the exchange of double-trace operators to Regge trajectories of single-
trace operators [16{18], and hence n;` to the cusp anomalous dimension and the higher
spin gap scale; and in the AdS/CFT context, the nature of inter-particle forces in the
bulk is manifest in the behavior of n;` as a function of (n; `), thus making n;` a sensitive
probe of bulk locality [19{26]. These reasons motivate the study of how the n;` change
under double-trace ow. The n;` are 1=N -suppressed, so it would seem more dicult to
compute their change under double-trace ow. The same is true for three-point functions
h[]n;`i. However, the change of the n;` from UV to IR can be extracted from the
leading-order change in the connected part of the four-point funtion hi, which itself
may be straightforwardly computed.1
In section 2, we begin with an exercise, in which we compute the change in three-
point functions hOOOi; hOOi and hOi. These results are known | for instance, by
modifying the boundary condition in AdS calculations of CFT three-point functions | but
will appear in our later analysis and serve as a useful warmup.
In section 3, we compute the change in connected four-point functions hi and
h		i from UV to IR, where  and 	 are distinct scalar primaries. Part of our message is
that the result, which is manifestly crossing-symmetric, may be expressed simply in terms of
a single D-function | see (3.9) and (3.31). The D-functions are themselves not elementary,
but arise in many contexts in CFT at both weak and strong coupling (e.g. [27{31]). In
section 3.2, we review the manifest equivalence [10, 32] between our CFT calculation and a
tree-level AdS calculation. Moreover, the change in these four-point functions is technically
essentially identical to the computation of four-point conformal partial waves for principal
series representations, whose utility has recently been emphasized [33{38].2 Thus, our
result may be viewed as a novel physical interpretation of these objects in terms of double-
trace ows, and provides for them a mathematical expression in terms of a D-function.
1Note that we do not compute the change from UV to IR of the dimension  of the single-trace
constituents. This is encoded in the 1=N correction to the two-point function of , which corresponds to a
one-loop diagram from the AdS point of view.
2See also e.g. [39{44] for further related work on harmonic analysis in AdS/CFT.
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We also point out that the special cases  +  = 	   2p and  + 	 =    2p for
p 2 Z0 involve \extremal" three-point functions [45], and simplify dramatically.
In section 4, we use the change in four-point functions to extract the change in OPE
data of the leading-twist double-trace operators []0;` and [	]0;`, for all `. We focus
mostly on anomalous dimensions `  0;`, although we compute some OPE coecients
as well. The results for `  IR`   UV` , in (4.20) and (4.32), have various universal
features. We wish to highlight one here: for []0;` operators, 0 as given in (4.11) is
independent of . It is also always positive for unitary values of the dimensions (;).
Therefore, we arrive at the interesting conclusion that this privileged class of RG ows
admits sign-denite quantities over and above the usual a=c=F observables.
In section 5, we specify the conformal dimensions  and  to certain values where
the results simplify, and use these results as a tool to derive anomalous dimensions of some
double-trace operators in the O(N) vector model, in which the constituents are not O(N)
singlets. This is possible because ` = 
IR
` , since the UV theory from which the O(N)
model descends is free. Specically, we derive hi where  and  are conjugate
operators in the O(N) model, each a scalar bilinear in the rank-two symmetric traceless
representation of O(N), and extract ` for double-trace operators [
]0;`. The result for
` in various spacetime dimensions can be found in (5.7). This is, to our knowledge, a new
result. It exhibits interesting harmonic behavior in d = 4   . While our technique here
| of using a calculation of ` between xed points to derive ` at the IR xed point |
is essentially identical to an ordinary large N calculation in the O(N) model, it would be
interesting to apply it to other CFTs beyond the O(N) model, where it acts as a simpler
alternative to standard computation of a full four-point function. A recent application can
be found in [47].
Appendices A{D contain some background material, various details of calculations in
the text, and a conformal perturbation theory cross-check of our result for IR0 in the O(N)
model in d = 4  .
2 Warmup: three-point functions
To introduce some formalism, and to derive a result we will use later, let us rst compute
the change of some three-point coecients. All of our calculations will rely on the Hubbard-
Stratonovich auxiliary eld method, which we recall now.
Upon introducing the deformation (1.1), the large N expansion in the IR can be
developed by introducing an auxiliary eld as
SIR = SCFT +
Z
ddxO (2.1)
where the quadratic term  2=(4) can be dropped in the IR limit. The auxiliary eld 
acquires the following induced two-point function at leading order in 1=N (see e.g. [48, 49]
for a review and more details)
h(x)(y)i =    () (d )
dCOO 
 
d
2  

 
 
  d2
 1jx  yj2(d )  Cjx  yj2(d ) : (2.2)
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where O is normalized as
hO(x)O(0)i = COO
x2
: (2.3)
Thus in the IR limit , which replaces the operator O, becomes a scalar primary of dimen-
sion d  +O(1=N); that is, O turns into its \shadow". All other single-trace operators
have the same dimension in the UV and IR to leading order at large N . Correlation func-
tions at the IR xed point can be computed systematically in the 1=N expansion using the
 propagator (2.2) and the O vertex in (2.1).3 Note that (2.1) can be thought as a kind
of Legendre transform relating UV and IR correlators.
To compute the change in three-point functions, we rst note that all three-point
functions of single-trace operators that do not involve the perturbing operator O(x) are
unchanged to leading order at large N . This is transparent in the AdS picture, as the cor-
responding tree-level three-point Witten diagrams that do not involve O(x) are unaected
by the change in boundary conditions.
For what follows, we will dene norm-invariant squared OPE coecients
aO1O2O3 =
C2O1O2O3
CO1O1CO2O2CO3O3
(2.4)
Let us rst consider the OPE coecient CO, where  is a single-trace scalar operator
other than O. Conformal three-point functions take the form
h(x1)(x2)O(x3)iUV = CO
x2 12 x23x31
(2.5)
In the IR we replace O by , giving the three-point function
h(x1)(x2)(x3)iIR =  
Z
ddz
C
jx3   zj2(d )
h(x1)(x2)O(z)iUV + : : :
=  
Z
ddz
C
jx3   zj2(d )
CO
x2 12 (x1   z)(x2   z)
+ : : :
(2.6)
where : : : denotes subleading orders in 1=N . See gure 2. To leading order at large N , we
evaluate this expression using the three-point conformal integral (e.g. [30, 50]),Z
ddz
1
(x1   z)21(x2   z)22(x3   z)23
P
i=d
=

d
2 a(1)a(2)a(3)
xd 2312 x
d 21
23 x
d 22
31
; (2.7)
where
a(i)   (d=2 i)
 (i)
(2.8)
Specialized to our case, we thus obtain
h(x1)(x2)(x3)iIR =
 
 CCO
d=2 2
 
d 
2

 
 
  d2

 2
 

2

 (d )
!
1
x2 d+12 x
d 
23 x
d 
31
(2.9)
3One has to be careful not to include one-loop bubble corrections to  lines, as those are already
resummed when using the eective propagator (2.2).
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Figure 2. The triangle diagram determines the three-point coupling hi, to which the UV
coupling hOi ows. The purple point is integrated over.
The factor in parenthesis is the OPE coecient C. Using the normalized squared OPE
coecients introduced in (2.4),
aUVO =
C2O
C2COO
; aIRO =
C2
C2C ;
(2.10)
the above calculation gives
aIRO =  
 4
 
d 
2

 
 
  d2

 ()
 4
 

2

 
 
d
2  

 (d )a
UV
O (2.11)
This can be seen to match a previous derivation using AdS integrals [51]. Notice that
$ d  properly swaps the labels UV and IR.
Similarly, we can compute the change from UV to IR of the COO OPE coecient by
attaching two  lines to the UV three-point function hOOi. This was worked out explicitly
in [47], following similar steps as described above. In terms of normalized squared OPE
coecients, the result is
aIROO =
 2() 2
 
  d2

 2

d   2

 2

d
2   + 2

 2
 
d
2  

 2(d ) 2

  2

 2

 d2 +  + 2
aUVOO : (2.12)
Finally, the three-point function hOOOi in the IR can be computed by attaching three
 lines to the UV three-point function and using repeatedly the conformal integral (2.7).
This yields
aIROOO =  
 3() 2
 
d  32

 6
 
d 
2

 3
 
  d2

 6
 

2

 3
 
d
2  

 3(d ) 2  32   d2aUVOOO (2.13)
Note that for d = 3 and  = 1, aIROOO vanishes, which is a well-known result for the critical
O(N) model in d = 3 [52].
3 Four-point functions from UV to IR
For the following calculations, we suppose the spectrum of the UV CFT includes other
single-trace scalar operators  and 	 with UV dimensions  and 	, respectively. We
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will compute the change in the connected four-point functions involving  and 	 under
the renormalization group ow triggered by SCFT =
R
ddxO2, with  < d=2. In what
follows, we label the dierence between UV and IR observables X as
X  XIR  XUV (3.1)
3.1 Identical operators
For the four-point function hi, conformal symmetry constrains this dierence to take
the form
h(x1)(x2)(x3)(x4)iIR   h(x1)(x2)(x3)(x4)iUV  C
2

x212 x
2
34
F(u; v) (3.2)
where F(u; v)  FIR(u; v) FUV(u; v) is a function of the conformal cross-ratios
u =
x212x
2
34
x213x
2
24
; v =
x214x
2
23
x213x
2
24
(3.3)
that is undetermined by conformal symmetry. Our goal is to determine F .
The connected four-point function of  in the IR can be computed in the large N
expansion as
h(x1)(x2)(x3)(x4)iIR = h(x1)(x2)(x3)(x4)iUV
+
1
2
Z
ddz1
Z
ddz2
C
jz1   z2j2(d )
h(x1)(x2)(x3)(x4)O(z1)O(z2)iUV + : : :
(3.4)
To leading order at large N , we can factorize the six-point function in the second line as
h(x1)(x2)(x3)(x4)O(z1)O(z2)iUV
' h(x1)(x2)O(z1)iUVh(x3)(x4)O(z2)iUV + perms +O(1=N)
(3.5)
where the permutations account for the t- and u-channels. So the problem is essentially
just to compute the \two-triangle" diagram with a  eld exchange, where each triangle is
the three-point function hOi in the UV CFT. See gure 3. From the AdS point of view,
this computes the dierence of two four-point exchange Witten diagrams with external
 legs and exchange of the bulk eld dual to O, after taking the dierence of boundary
conditions on the exchanged eld. We demonstrate that explicitly in section 3.2.
Using the form of the conformal three-point function in (2.5), the \two-triangle" dia-
gram is given by
C2OC
Z
ddz1
Z
ddz2
1
x2 12 jx1 z1jjx2 z1j
1
jz1 z2j2(d )
1
x2 34 jx3 z2jjx4 z2j
(3.6)
The integration can again be performed using conformal integrals. First, we integrate in
z1 using the three-point integral (2.7). Next, we integrate over z2 using the four-point
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Figure 3. The two-triangle diagram, given in (3.6), determines the change in the connected
correlator hi in the s-channel, to leading order in 1=N . The total result is a sum of three
such diagrams, one from each channel.
conformal integral [53]Z
ddz
1
(x1   z)21(x2   z)22(x3   z)23(x4   z)24
=

d
2Q
i  (i)
Z 1
0
Y
i
di
i 1
i
e 
1

P
i<j ijx
2
ij
d=2
;  
X
i
i
P
i=d
=

d
2
 (1) (2) (3) (4)
xd 21 2414 x
d 23 24
34
xd 2413 x
22
24
D1234(u; v)
(3.7)
The function D1234(u; v) dened above is the ubiquitous
D-function that appears in
calculations of AdS Witten diagrams, see e.g. [30] and appendix B. Note, however, that the
D-functions appearing here are of a special type: the sum of the exponents is equal to d.
After these steps, equation (3.6) yields
C2OC
da
 

2
2
a(d )
 2
 
d 
2

 2
 

2
 1
x212 x
2
34
u
d 
2 D d 
2
; d 
2
;
2
;
2
(u; v) (3.8)
Note that this takes the expected conformal form. Adding all terms related by exchanging
the external points, we arrive at the nal, crossing-symmetric result. In terms of the
normalized OPE coecient aUVO dened in (2.10), and using the denition of C in (2.2),
we can write this in the form (3.2) with
F(u;v) =  a
UV
O ()
 4
 

2

 
 
d
2 
 (3.9)
u
d 
2 D d 
2
; d 
2
;
2
;
2
(u;v)+u D d 
2
;
2
; d 
2
;
2
(u;v)+
u
v

v
d 
2 D
2
; d 
2
; d 
2
;
2
(u;v)

This is one of our main results. The change in the connected part of four-point func-
tions under double-trace ow takes a very simple form, expressed as a manifestly crossing-
symmetric sum of D-functions, one from each channel. We can equivalently write this in
terms of aIRO using (2.11).
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3.1.1 The O(N) model four-point function
When  = d  2 and  = (d  2)=2, our result (3.9) can be compared to the connected
correlator of the elementary elds i in the critical O(N) model at large N
hi(x1)j(x2)k(x3)l(x4)iconn = F
ijkl(u; v)
(x12x34)2
(3.10)
upon identifying  with i, and O with   ii. This is because, even though i
is not strictly speaking a \single-trace" operator, the calculation of the leading large
N contribution to the connected correlator takes the same form as the two-triangle di-
agram considered above, with the role of the triangle played by the three-point functions
hi(x1)j(x2)kk(z)i in the UV free theory. To account for the index structure we just
need to slightly generalize our calculation: adding up the singlet contributions in each chan-
nel and using D-function identities summarized in appendix B, the expression in brackets
in (3.9) may be written
F ijkl(u;v) =  2 (d 2)
N 4
 
d 2
2

 
 
2  d2
 (3.11)
u
d 2
2
h
ikjl D d 2
2
; d 2
2
;1;1(u;v)+
ijkl D1; d 2
2
;1; d 2
2
(u;v)+ilkj D1; d 2
2
; d 2
2
;1(u;v)
i
+O(1=N2)
This is indeed the correct result for the connected correlator in the critical O(N)
model [54].4
3.2 Equivalence between CFT and AdS calculations
There is a manifest equivalence between the CFT result in the above language, and the
dual AdS calculation, as previously discussed in [10, 55]. The crucial fact in proving this
equivalence is the following identity for the dierence of bulk-to-bulk propagators with
standard and alternate boundary conditions, shown pictorially in gure 4:
Gd (z; ~x; w; ~y) G(z; ~x; w; ~y) =
Z
dd~x0d
d~y0K(z; ~x; ~x0)K(w; ~y; ~y0)
C
j~y0   ~x0j2(d )
(3.12)
C was dened earlier as the normalization of the  propagator, eq. (2.2). Here and
elsewhere in this subsection we use the notation x  (z; ~x), y  (w; ~y) to denote points in
AdSd+1 in the usual Poincare coordinates, with ~x,~y etc. denoting coordinates of the at
boundary at z = 0. In this identity G(z; ~x;w; ~y) is the bulk-to-bulk propagator with its
canonical normalization, i.e. satisfying  r2 +m2G(x; y) = (d+1)(x; y) ; m2 = (  d) ; (3.13)
and the bulk-to-boundary propagator is normalized as
K(z; ~x; ~x0) = C

z
z2 + (~x  ~x0)2

; C =  ()
2d=2 ( + 1  d=2) (3.14)
Let us recall that with this choice of normalization of the bulk-to-boundary propagator,
the two-point function of the dual operator is normalized as hO(x1)O(x2)i = C=x212 .
4See also (159) of [23], modulo the missing power of u.
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Figure 4. The AdS dual of the two-triangle diagram in CFT. The dierence of two exchange
diagrams with external  elds | one with standard quantization () of the eld dual to O, and
one with alternate quantization (d ) | can be written, using the split representation of the AdS
harmonic function, as a pair of boundary three-point functions tied together by a boundary two-
point function of dimension d . This is manifestly equivalent to the two-triangle diagram in CFT.
It is straightforward to prove (3.12) by assembling some known ingredients. First, one
starts with the following single-integral identity [10, 56]:
Gd (z; ~x;w; ~y) G(z; ~x;w; ~y) = (2  d)
Z
dd~x0K(z; ~x; ~x0)Kd (w; ~y; ~x0) : (3.15)
Next, we use the following relation between the bulk-to-boundary propagators of conjugate
dimension, which can be obtained by straightforward integration
Kd (z; ~x; ~x0) =    (d )

d
2  (d=2 )
Z
dd~y0K(z; ~x; ~y0)
1
j~y0   ~x0j2(d )
(3.16)
From this formula we see that changing the boundary conditions on bulk-to-boundary lines
essentially amounts, from CFT point of view, to attaching the propagator of the auxiliary
eld . We can use (3.16) to rewrite (3.15) in the form (3.12); we have used the fact that
in this AdS calculation we can identify COO = C. We make some further remarks on the
relation of these identities to AdS harmonic functions in appendix A.
Given (3.12), the relation to the CFT calculation of the \two-triangle" diagram is
transparent. The dierence between the two exchange Witten diagrams in the channel
12! 34 for dierent boundary conditions on the intermediate eld is, using (3.12),Z
dd~x0d
d~y0

O
Z
dzdd~xK(z; ~x; ~x1)K(z; ~x; ~x2)K(z; ~x; ~x0)

 Cj~y0   ~x0j2(d )


O
Z
dwdd~yK(w; ~y; ~x3)K(w; ~y; ~x4)K(w; ~y; ~y0)

: (3.17)
where O is the AdS cubic vertex. The AdS integrals in brackets, each involving three
bulk-to-boundary propagators, just give the three-point functions in the UV:
gO
Z
dzdd~xK(z; ~x; ~x1)K(z; ~x; ~x2)K(z; ~x; ~x0) =
CO
j~x12j2 j~x20jj~x01j (3.18)
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in a normalization where C = C , and COO = C. Thus, we see that (3.17) precisely re-
produces the \two-triangle" diagram (3.6) in the corresponding channel. Let us emphasize
that our calculation does not rely on strong coupling, rather, only on large N factorization
and conformal symmetry.
3.3 Relation to SO(d+ 1; 1) harmonic analysis
The result (3.8) for the dierence in four-point functions in a single channel should equal
a dierence of conformal blocks for O exchange in that same channel. This is clear from
the AdS perspective explained in the previous subsection, combined with the fact that,
in the direct channel conformal block decomposition of an AdS exchange diagram, the
double-trace OPE data depends only on the squared mass, not the quantization, of the
exchanged operator (e.g. [57]). Specically, accounting for the dierence in UV and IR
OPE coecients, we want to check that
aIRO
aUVO
Gd ;0(u; v) G;0(u; v) =    ()
 4
 

2

 
 
d
2  
u d 2 D d 
2
; d 
2
;
2
;
2
(u; v) (3.19)
where G;J(u; v) is the conformal block for exchange of a dimension-, spin-J operator.
Note rst that neither side depends on . For the conformal blocks, we use the series
representation [30],
g;0(u; v) =
1X
m;n=0
 

2
2
m
 

2
2
m+n
m!n!
  d2 +  + 1m ()2m+num(1  v)n (3.20)
where G;0(u; v) = u
=2g;0(u; v). For the D function, we also use the series representa-
tion [30], which we can write as
u
d 
2 D d 
2
; d 
2
;
2
;
2
(u; v) =
1X
m;n=0
u

2 fmn()  u d 2 fmn(d )
m!n!
um(1  v)n (3.21)
with
fmn()   csc

2
(d  2)
  2  m+ 2  2  m+ n+ 2 
 
  d2 +m+  + 1 (2m+ n+ ) (3.22)
Accounting for the ratio aIRO=a
UV
O given in (2.11), one nds agreement term-wise.
Now, conformally-covariant four-point functions may be expanded in a complete basis
of single-valued functions living in the principal series representations of the conformal
group, with  = d2 + i, where   0 and is real (see e.g. [33{38] and references therein).
In the notation of [38], let us call these single-valued functions 	;J(xi). These functions
are not the ordinary conformal partial waves for unitary representations   d   2 + J
with  2 R, which are not single-valued. The 	;J(xi) may be written in terms of the
conformal blocks as
	;J(xi) =
Kd ;J
x212 x
2
34

G;J(u; v) +
K;J
Kd ;J
Gd ;J(u; v)

(3.23)
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where
K;J 

d
2  
 
  d2

  ( + J   1)  2  d +J2 
  (  1)   (d  + J)  2  +J2  (3.24)
Now, we note that
K;0
Kd ;0
=  a
IR
O
aUVO
(3.25)
where aIRO=a
UV
O was computed in (2.11). Therefore, from (3.19), we may write 	;0(xi)
simply in terms of a single D-function:
	;0(xi) =
1
x212 x
2
34

d
2
 2
 

2

 2
 
d 
2
u d 2 D d 
2
; d 
2
;
2
;
2
(u; v) (3.26)
This is a concise expression, valid for any d. We are giving both a mathematical expression
for 	;0(xi), as well as a physical interpretation in terms of double-trace RG ows. In AdS
language, 	;J(xi) is, up to a prefactor, equal to the dierence of exchange diagrams for
which the exchanged operator takes + and   quantizations. That this is true (for any
J) is obvious from the identities of the previous subsection and appendix A: CFT harmonic
functions are dual to AdS harmonic functions.
3.4 Generalization to pairwise identical operators
The CFT calculation of the two-triangle diagram can be straightforwardly generalized to
the case of four dierent external operators. With an eye toward applications, we explicitly
consider here the case of pairwise identical scalar operators: given two scalar primary
operators  and 	, we may compute the dierence in the connected four-point function
h		i between UV and IR xed points,
h(x1)	(x2)(x3)	(x4)i = CC		
x+	12 x
+	
34

x24
x13
 	
F(u; v) (3.27)
Dening the norm-invariant ratio
aUV	O 
C2	O
CC		COO
(3.28)
the result in the 	! 	 channel is
F(u; v) =   a
UV
	O ()
 2

+ 	
2

 2

 +	
2

 
 
d
2  
u d 2 D1234(u; v) (3.29)
where
1 =
d  + 	  
2
2 =
d  	 + 
2
3 =
 + 	  
2
4 =
 	 + 
2
(3.30)
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In the event that hOi = 0 or h		Oi = 0 | for instance, if O is neutral under a global
symmetry under which  and 	 are charged | the full, crossing-symmetric result is a sum
of two terms,5 one in each available channel:
F(u; v) =   a
UV
	O ()
 2

+ 	
2

 2

 +	
2

 
 
d
2  


 
u
d 
2 D1234(u; v) +
u
v
+	
2
v
d 
2 D3214(u; v)
! (3.31)
Note that this is symmetric under  $ 	, as it must be. This follows from the D-
function relations in appendix B.
As in section 2, one can also derive the ratio between UV and IR three-point coe-
cients; the result is
aIR	O =
 2

d  +	
2

 2

d + 	
2

 
 
  d2 + 1

 ()
 2

+ 	
2

 2

 +	
2

 
 
d
2   + 1

  (d )
aUV	O (3.32)
3.4.1 Extremal case:  +  = 	   2p or  + 	 =    2p
In these cases, we have zeroes from the gamma functions in (3.31) for all p 2 Z0. Conse-
quently, the result simplies even further, which we now show for p = 0. (See appendix C.2
for the p = 1 result and comments on general p.)
Suppose that +	 = . (The result for + = 	 is the same with 	 $ .)
First, note that the three-point coupling (3.32) vanishes in the IR, due to the   2(0) factor:
aIR	O = 0 (3.33)
This happens because for  + 	 =  | indeed, for  + 	 =    2p for p 2 Z0 |
the UV three-point function is \extremal" [45]. As explained in [47], changing boundary
conditions on an operator in an extremal correlator implies its vanishing at the new xed
point. Likewise, the prefactor in (3.31) vanishes. In order to extract the result for F , we
must introduce a regulator. Take  + 	 =  + 2. Then
1 =
d
2
  +  ; 2 = d
2
   ; 3 =  ; 4 =    (3.34)
To determine the nite piece of (3.31), we must extract the O( 2) term in the D-functions,
to cancel the 2 prefactor. Using their double-sum representation (see appendix B), one
simply nds6
D d
2
 +; d
2
 ;; (u; v) 
u 
d
2  (d2  ) ()
2
+O( 1) (3.35)
5See appendix C.1 for the most general result in which these OPE coecients are nonzero; there is
simply one more term, of the same functional form as (3.29).
6In particular, everything other than the  2() is regular when ! 0, including the G-functions (B.8).
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Combining this with (3.31), we get
F(u; v)   aUV	O u

2

1 +
u
v
	 
(3.36)
This is the nal, extremely simple, result. Remarkably, (3.36) is d-independent, and is
manifestly negative for all real u; v. We will soon see other sign-denite properties of the
double-trace RG ow.
4 Microscopics: extracting OPE data
Having derived the change in a connected four-point function along the double-trace ow
to leading order in 1=N , we may extract the change in OPE data by branching it into
conformal blocks. Under this deformation, the single-trace spectrum is identical between
UV and IR to leading order in 1=N , except for the dimension of O. However, the double-
trace contributions to the leading-order connected correlator also are modied. That this
is true can be seen by considering the requirement of crossing symmetry: if only the O
exchange is modied, this will spoil crossing symmetry unless we compensate with changes
in the other operator exchanges. Because this is a connected correlator at leading order in
1=N , the only other exchanges are double-trace operators.
We focus for now on the result (3.9) for the case of identical external operators. In
general, the four-point function has the conformal block expansion
h(x1)(x2)(x3)(x4)i = C
2

x212 x
2
34
F(u; v)
F(u; v) =
X
;s
a;su

2 g;s(u; v)
(4.1)
a;s are the normalized squared OPE coecients, and u

2 g;s(u; v) is the conformal block
for exchange of a conformal primary of twist  and spin s, where twist is dened as
 =   s. The double-trace primaries (1.2) have twists and OPE coecients that admit
a 1=N expansion,7
an;`   a(0)n;` 
1
N
a
(1)
n;` + : : :
n;`    (0)n 
1
N
n;` + : : :
(4.2)
where 
(0)
n = 2 + 2n, and the mean eld theory (N = 1) OPE coecients a(0)n;` are
known in general d [58]. This, in turn, induces a 1=N expansion of F(u; v) at each xed
point. Taking the dierence of IR and UV connected correlators to leading order in 1=N ,
F(u; v) = FO(u; v) + F [](u; v) (4.3)
where
FO(u; v)  aIROu
d 
2 gd ;0(u; v)  aUVOu

2 g;0(u; v) (4.4)
7Recall that we dene N as cT  N .
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and
F [](u; v)  u
1X
n=0
1X
`=0;2;:::

1
2
a
(0)
n;`n;`@n + a
(1)
n;`

ung

(0)
n ;`
(u; v) (4.5)
Writing (3.9) in the form (4.3){(4.5) and expanding in powers of u and 1 v, we can extract
all OPE data.
In section 3.3, we showed that the O exchange piece FO(u; v) is indeed accounted
for by the rst term in (3.9), i.e. the direct-channel term. In the rest of this section, we
focus on the double-trace terms (4.5), which come from crossed-channel contributions and
contain interesting data.8
4.1 Double-trace anomalous dimensions
First we extract n;`, focusing in particular on the leading-twist tower n = 0. (Higher n
may be computed in a systematic expansion in small u.) The nal result is in (4.20). In
this subsection and elsewhere, whenever we focus on the n = 0 tower for some double-trace
observable X, we use the notations
X`  X0;` (4.6)
We proceed by isolating the log u piece of the full double-trace contribution
F [](u; v) = u
1X
n=0
un
1X
`=0;2;:::

1
2
a
(0)
n;`n;` log u+ a
(1)
n;` +
1
2
a
(0)
n;`n;`@n

gn;`(u; v)
(4.7)
In what follows, we will concentrate on `. So to extract the anomalous dimensions, we
will need the expansion of the log u terms of D-functions in (3.9) in the OPE limit. These
terms are given by9
D d 
2
;
2
; d 
2
;
2
(u; v)

log u
=   
2
 

2

 2
 
d 
2

 
 
d
2
 G
2
;
d 
2
; 1;
d
2
;u; 1  v

D
2
; d 
2
; d 
2
;
2
(u; v)

log u
=   
2
 

2

 2
 
d 
2

 
 
d
2
 Gd 
2
;
d 
2
; 1;
d
2
;u; 1  v
 (4.8)
where the G-function, introduced by Dolan and Osborn [50], admits the following double-
series expansion:
G(; ; ; ;u; 1  v) =
1X
n;m=0
(   )m(   )m
m!()m
()m+n()m+n
n!()2m+n
um(1  v)n (4.9)
Note that the G-function obeys a small-u expansion
G(; ; 1; ;u; 1  v) = 2F1(; ; ; 1  v) +O(u) (4.10)
8A complete way to perform these calculations is to use Caron-Huot's inversion formula [36]. This
requires taking a double-discontinuity of our D-function. We will instead use more basic tools.
9Note that the D d 
2
; d 
2
;
2
;
2
(u; v) term in (3.9) does not contain log u terms (for generic  and ),
consistent with the fact that it contributes only to FO, as shown in section 3.3, and not to F [].
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4.1.1 2
Before giving a general result for `, let us start by extracting 0, the change in the
anomalous dimension of the leading-twist scalar operator :2 : = []0;0. In this case, we
have a;` = a2;0 = 2 +O(1=N), and to leading order at small u we just have
u=2g;`(u; v) = u


1 +
0
2
log u+ : : :

(1 + : : :) :
Then, using (4.8) into (3.9) and matching to (4.1), we nd the result
0 = a
UV
O
2 () 2
 
d 
2

 
 
d
2

 2
 

2

 
 
d
2  
 : (4.11)
We point out two features of this result. First, it is manifestly positive for all d 22 <  <
d
2 .
Second, it is highly non-trivial that this does not depend on , because 
IR
0 and 
UV
0 both
do. This -independence will not persist at higher `. Note that, using (2.11), we can
also express (4.11) as
0 = a
UV
O
 () 
 
d 
2
2
 
 
d
2

 
 

2
2
 
 
d
2  
   aIRO  (d )   2 2
 
 
d
2

 
 
d 
2
2
 
 
  d2
 (4.12)
which is manifestly odd under ! d , as required.
4.1.2 Leading-twist
We now derive ` in closed form. First, we introduce a notation
F(z)  2F1(; ; 2; z) : (4.13)
In the lightcone regime u 1, the conformal blocks become the collinear SL(2;R) blocks,10
gn;`(u 1; v)  gcolln;` (v) = x`F`(x) ; where x  1  v : (4.14)
To leading order at small u, the log u term of (4.7) becomes
F [](u; v)

u log u
 1
2
X
`
a
(0)
` `x
`F`(x) (4.15)
Now, xF(x) are eigenfunctions of the operator D = x
2(1  x)@2x   x2@x, with eigenvalue
(   1). They obey the orthogonality condition
1
2i
I
x=0
x 
0 1F(x)F1 0(x) = ;0 (4.16)
where  0 2 Z, and the contour runs counterclockwise around the origin. This was used
in a similar context in e.g. [19, 26]. Applying this to (4.15),
` =
1
ia
(0)
`
I
x=0
x 1 `F1  `(x)
h
F [](u; 1  x)
u log u
i
(4.17)
10This denes a convention for the conformal block normalization.
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which is the desired result. Actually, we may go further and explicitly extract the residue
in closed form: from (4.10), it is clear that we need only isolate a term of order x` in the
product of various hypergeometric functions. We carry this out in appendix C.3. The nal
result can be written as a nite sum:
a
(0)
` `
a
(0)
0 0
=
X`
m=0
( 1)m
 

2

m
 
d 
2

m
( +m)
2
` m
m!(` m)!  d2m (`+ 2 +m  1)` m (4.18)
where a
(0)
` are the mean eld theory OPE coecients [19, 58]
a
(0)
` =
(1 + ( 1)`)()2`
`!(2 + `  1)` (4.19)
This can be neatly written in terms of a terminating 4F3 hypergeometric function, with no
explicit appearance of a
(0)
` :
` = 4F3
 
 `; d 2 ; 2 ; 2 + `  1
d
2 ; ; 
1! 0 (4.20)
with 0 given in (4.11).
As a consistency check on this result, evaluating (4.20) in the large ` limit, one nds
`  2a
UV
O ()  ()
2
 
 

2
2
 
 
   2
2 1`   2aIRO (d )  ()2   d 2 2       d 2 2
1
`d 
+ : : : (4.21)
This correctly reproduces the leading-order results of the lightcone bootstrap [20, 21]: it is
a dierence of the leading large-spin asymptotics of ` in the IR and UV.
4.1.3 Comments
RG monotonicity. As we noted earlier, it is interesting that 0 in (4.11) is always
positive under double-trace RG ows: that is, 0 is greater in the IR than the UV,
IR0  UV0 ; (4.22)
for any spacetime dimension d.
What about ` for higher spins? At large spin, `
  `d , so the UV term of (4.21)
dominates (assuming aUVO 6= 0), implying `1 > 0 due to the positivity of aUVO. Thus,
any negativity must be conned to nite `. By a combination of analytical arguments and
numerically sampling many values of parameters, we nd the following condition:
IR`  UV` when  
d
4
: (4.23)
This implies that
IR`  UV` for d  4 ; (4.24)
for all unitary values of parameters.
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Figure 5. In d = 3, a plot of ` evaluated at  = 3=2, its minimum, as a function of . We
plot ` = 2; 4; : : : ; 16, where red is ` = 2 and the spin increases as we move through the rainbow.
For  > 3=4, the function is positive for all `.
(4.24) can be proven in d = 4 as follows. Due to the ! d  symmetry of the 4F3,
its extremum as a function of  sits at  = d2 ; one can check that it is a minimum. Taking
d = 4, we now utilize the identity [59] (see p.470, eq. 46)
4F3
 
 `; 1; 1; 2 + `  1
2;;
1! = 2(   1)2
(`+ 1)(2 + `  2)
h
 ( + `)   (   1)
i
(4.25)
where  is the digamma function. The prefactor is manifestly positive for all  > 1 and
` > 0. The dierence of digamma functions is also positive, because  0(x) > 0 for x > 0.
Therefore, ` is indeed positive under double-trace RG ow. For d 6= 4, one can show
that at  = d=2 and  = d=4, ` has a zero for all ` 2 Z, because
`
0
=d=2;
=d=4
=
 
 
d
2

 (1  `)   d2 + ` (4.26)
Then by plotting many values, one sees that (4.23) holds. In gure 5, we exhibit this
behavior in d = 3. This conclusion would follow if, as suggested by the sampling,  = d=4
is the only zero of ` at  = d=2, viewed as a function of , for unitary values of .
Flows from UV free CFTs. One may be puzzled about cases in which the UV is a free
theory, so that ` = 
IR
` . In such cases | again assuming a
UV
O 6= 0 | one has IR`1 > 0,
because the UV term of (4.21) dominates. This conicts with naive lightcone bootstrap
intuition at large spin. The resolution to this is that the UV free theory contains an innite
tower of conserved higher spin currents which becomes nearly conserved in the IR, and
negativity of ` does not apply, even at large spin [17]: a resummation is required. What
our result shows is that, in fact, every CFT with slightly broken higher-spin symmetry
that is obtained by double-trace ow from a UV-free CFT has IR`1 > 0.
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Heavy operators. Consider the result (4.20) for the change, under double-trace ow,
of the anomalous dimensions of the double-trace operators []0;`. We now suppose the
external operator  is a heavy operator, with 1    N . Such an operator may be,
for instance, a string-scale operator in a large N gauge theory.
First, suppose that ` remains nite as we dial   1. In this case, ` = 0
to leading order in 1=. The reason for this is clear in AdS: the binding energy for a
bound state of two heavy particles with mLAdS  1 will be unaected by the addition of a
parametrically small angular momentum J  m. More interesting is the regime in which
  1 ; ` 1 ;   `

xed (4.27)
Representing the 4F3 in series form and taking the limit of the summand, one obtains a
nite result; performing the sum then yields an ordinary hypergeometric function,
`  2F1


2
;
d 
2
;
d
2
; ( + 2)

0 +O( 1 ) (4.28)
One readily conrms that for  ! 1 | that is, 1    ` | we recover the   1
limit of the large spin expansion (4.21). It would be interesting to reproduce (4.28) from a
bulk computation in which ` is the dierence in the contribution of O, for standard versus
alternate quantizations, to the binding energy of the []0;` state, where  is represented
as a particle moving along a bulk worldline.
4.2 Double-trace OPE coecients
One can also derive the change in OPE coecients, a
(1)
n;`, in (4.5). We eschew a comprehen-
sive treatment here, only giving the lowest-lying contribution. Again starting from (3.9), we
use the form of the D-functions in appendix B | in particular, equations (B.6) and (B.10)
| to obtain
a
(1)
0 = 20

 

d 
2

   

d
2

+  


2

+ E

(4.29)
where E is the Euler constant. Note the interesting feature that, like 0, this is indepen-
dent of . There is simplication for various rational values of ; d. One can continute
iteratively for low ` as desired.
4.3 Generalization to pairwise identical operators
We now perform the same analysis for the pairwise identical correlator h		i, whose
change under the RG ow was derived in (3.31).
Let us start by deriving the change in anomalous dimensions, `, for the leading-twist
double-trace operators [	]0;`. The strategy for the calculation is the same as for the
correlator hi: starting with the result for F(u; v) in (3.31), we expand in collinear
blocks and apply a projector. Some formulas become rather unwieldy, so we present the
results here and describe the detailed calculation in the appendix C.4. We arrive at the
following generalization of (4.18):
a
(0)
` `
a
(0)
0 0
= ( 1)`
X`
m=0

 +	
2

m

d  +	
2

m
(	 +m)
2
` m
m!(` m)!  d2m (`+  + 	 +m  1)` m (4.30)
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Using the explicit values of the innite N OPE coecients a
(0)
` from [58],
a
(0)
` =
( 1)`()`(	)`
`!( + 	 + `  1)` (4.31)
the sum above can be rewritten as
` =
(	)`
()`
4F3
 
 `; `+  + 	   1; d  +	2 ;  +	2
	; 	;
d
2
1! 0 (4.32)
where the spin-zero anomalous dimension is
0 = a
UV
	O
2 () 

d + 	
2

 

d  +	
2

 
 
d
2

 
 
d
2  

 

+ 	
2

 

 +	
2
 (4.33)
Unlike the identical operator case, this is valid for odd integer ` as well. Note that if
 = 	, (4.32) reduces to the result (4.20) for identical operators. This may be conrmed
by direct calculation.
This result must be symmetric under  $ 	, because it captures coecients in the
expansion of the symmetric function (3.29), but this symmetry is not manifest in (4.32).
However, the result in (4.32) can be expressed in terms of a certain orthogonal polynomial,
known in the literature as a Wilson polynomial [60]:11
`
0
=
1 
d
2

`
()` (	)`
 p`

2 d
4
;
d +	
4
;
d+ 	
4
;
+	
2
  d
4
;
+	
2
  d
4
 (4.34)
These are known to be symmetric in the last four arguments, which includes the transfor-
mation  $ 	.
In parallel with section (4.2), one may also derive, a
(1)
0 , which is now the dierence
in (normalized) squared OPE coecients C2	[	]0;0 ; the result may be found in (C.6).
4.3.1 Extremal case:  = 	 + 
Recall that for this extremal alignment of dimensions, we obtained the simple result
in (3.36), where we assumed that the ! O ! 		 channel is absent.
The rst term in (3.36) represents the UV exchange of O,
FO(u; v) =  aUV	Ou

2 g;0(u; v)
=  aUV	Ou

2
(4.35)
11It is not clear whether the orthogonality property is physically interesting here. It is also interesting to
note that these and the related \Wilson functions" have appeared recently in the physics context as fusion
matrices in 2d CFT and as scattering phases near AdS black holes [33, 34, 61]. In the present context, the
` should be thought of as 6j-symbols for the confomal group, which would follow from their derivation
(not performed here) from the inversion formula [36]. We thank David Simmons-Dun for discussion on
this and related issues.
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where we have used that aIR	O = 0 in the rst line. The fact that the conformal block is
simply equal to unity can be checked explicitly using the d = 4 blocks,
g;`(z;z) =
1
z z

z`+1F
(12;34)
=2+` (z)F
(12;34)
 2
2
(z) z`+1F (12;34)=2+` (z)F
(12;34)
 2
2
(z)

(4.36)
where
F
(12;34)
 (z)  2F1

   12
2
;  +
34
2
; 2; z

(4.37)
When 12 = 34 = , indeed one has g;0(z; z) = 1.
The second term in (3.36) represents the exchanges of [	]n;`:
F [	](u; v) =  aUV	Ou
+	
2 v 	 (4.38)
The absence of a log u term implies that, consistent with (4.33),
n;` = 0 ; 8 (n; `) : (4.39)
Moreover, due to the simple form of the result, we can derive explicit formulas for a
(1)
` .
In terms of conformal blocks, (4.38) comes from a sum, over all n; `, due to the change in
OPE coecients a
(1)
n;`: in particular, they obey the sum rule
1X
n;`
a
(1)
n;`u
ng

(0)
n ;`
(u; v) =  aUV	Ov 	 (4.40)
The right-hand side is independent of u. This implies that if we expand the left-hand side
in powers of u, we obtain an innite set of equations. First, at zeroth order,
1X
`=0;2;:::
a
(1)
` g
coll
0;` (v) =  aUV	Ov 	 (4.41)
where gcoll0;` (u; v) is the n = 0 collinear block for pairwise identical operators in the 	 ! 	
channel, dened in (C.16). Since (4.41) is a sum over collinear blocks, it can be solved for
a
(1)
` by using the projector for the collinear blocks, just as for the ` in appendix C.4.
The result is
a
(1)
` =  aUV	O
( + `)`(	 + `)`
`!( + 	 + 2`)`
3F2
 
 `;	;   	   3`+ 1
    2`+ 1; 	   2`+ 1
1! (4.42)
As a check, this agrees with the (C.6) derived for general , 	, when specialized to the
case  = 	 + . Note that at spin-zero,
a
(1)
0 =  aUV	O (4.43)
which is much simpler than the spin-zero result for identical operators in (4.29).
Moreover, all terms in (4.40) carrying powers of u must vanish. This is allowed by
unitarity because there is no sign constraint on the a
(1)
n;` (nor on the individual a
(1)
n;`, which
are 1=N -suppressed compared to a
(0)
n;`). Solving the resulting innite set of equations would
yield a
(1)
n;`.
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4.4 Adding global symmetries
If  and O carry charges under some global symmetry group G, this requires a slight
modication of our formulas. Let us call the exchanged operator OI , where I indicates
that the operator sits in some representation of G. There are various possible double-trace
deformations that involve some subset of components of OI . The most symmetric choice
is to activate the singlet,
S = SCFT + 
Z
ddxOIO
I (4.44)
which preserves G. To analyze the IR CFT, we introduce a Hubbard-Stratonovich eld
I , which couples as
R
ddxIO
I and carries the same charges as OI . Correlation functions
of these operators now carry extra dependence on the representations involved, but the
calculations are otherwise essentially identical.
In particular, let us take  and O to sit in representationsR andRO of G, respectively,
where R 
 R  RO. The three-point functions of section 2 are unchanged, up to an
overall tensor that encodes this product of representations. Similarly, we can return to the
calculation of the change in the four-point function, (3.9). The result in a single channel
is the same as (3.8), up to multiplication by a tensor T RO1234 that accompanies the exchange
of O, where the subscript labels the external points. Adding the three channels together
yields the total result,
F(u; v) = T RO1234  u
d 
2 D d 
2
; d 
2
;
2
;
2
(u; v) + perms (4.45)
where we must permute the indices of T RO1234 as well as the positions of the operators.12
Note that, upon decomposing this into a single OPE channel, we must project T onto a
crossed channel; in doing so, multiple representations will generically appear, not only RO.
Such projections were carried out for a specic example where G = SO(8) in [47], involving
a double-trace ow from the ABJM theory [62].
5 Applications
In this section, we use our results to derive new double-trace data in interacting vector
models in various d. We also specialize the operator dimensions to certain values where
our results for ` simplify.
5.1  =  = d  2: vector models
In the special case  =  = d  2, our results can be used to extract predictions for the
four-point functions and corresponding OPE data of certain non-singlet operators in the
O(n) vector model, as we now explain.
Let us start with n = NM free scalars 'ia, where i = 1; : : : ; N; a = 1; : : : ;M , and take
N to be large with M xed. This denes a free CFT with O(n) global symmetry, but we
12We have absorbed the overall coecient into the denition of T RO1234.
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can now look at the spectrum of singlet operators under the O(N) symmetry rotating the
i-index. The single-trace scalar operators of the free CFT in the O(N) singlet sector are
ab = 'i(a'ib) ; O = 'ia'ia (5.1)
where ab(x) is in the symmetric traceless of O(M), and O(x) is a singlet of O(M).
Similarly, there are towers of conserved higher-spin operators, in the singlet and symmetric
traceless of O(M) for even spin, and in the antisymmetric of O(M) for odd spin. This
singlet sector of the CFT is expected to be dual to Vasiliev higher-spin theory in AdSd+1
with O(M) Chan-Paton factors [63]. (See [64, 65] for reviews of the higher-spin/vector
model duality.) In particular, the bulk spectrum includes scalar elds dual to the operators
in (5.1). All of these bulk scalars have the same mass m2 =  2(d   2), and admit two
choices of boundary conditions  = d 2 or  = 2. With the former choice, the higher-spin
theory is dual to the free CFT. Suppose we now impose the alternate  = 2 boundary
condition on the O(M) singlet scalar dual to O = 'ia'ia. This then corresponds to adding
the double-trace deformation
S = 
Z
ddx ('ia'ia)2 ; (5.2)
and owing to the critical vector model in the IR, where O = 2 + O(1=N). Because we
are concentrating on the O(N) singlet sector, we can develop the usual 1=N expansion,
with ab and O playing the role of \single-trace" operators. Then our results can be used
to compute the change in the four-point function ha1b1(x1)a2b2(x2)a3b3(x3)a4b4(x4)i
from UV to IR.
On the other hand, the xed point of the vector model (5.2) is just the same as the
usual critical O(n) model with n = NM . From the O(n) point of view, our results give
the four-point function of scalar bilinears in non-trivial representations of O(n), and the
corresponding spinning double-trace anomalous dimensions encoded in it. (Let us stress
once again that we would not be able to compute change in the four-point function of O(x)
with our result.)
As a particularly tractable example where we can directly apply our results for pairwise
identical operators in sections 3.4 and 4.3, we can consider the case M = 2. We can then
introduce a complex basis
i = 'i1 + i'i2 ; i = 'i1   i'i2 : (5.3)
The two symmetric traceless operators ab in (5.1) correspond to linear combinations of
the complex operators
 = ii ;  = i i ; (5.4)
with charge 2 under U(1) ' SO(2), while the singlet is just O = i i. The change in the
four-point function
h(x1)(x2)(x3)(x4)i (5.5)
from UV to IR is given by (3.31), provided we identify 	 =  and take  =  = 	 =
d 2.13 The formula for the change in anomalous dimensions of the double-trace operators
13Note that we have hOi 6= 0 but hOi = 0 due to U(1) charge conservation.
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[]0;` is then given by (4.20) with  =  = d  2, and is valid both for even and odd
`. In fact, since the UV theory is free, UVn;` = 0. Therefore, in these cases,
` = 
IR
` (5.6)
and we can use our formulas to read o the anomalous dimensions in the interacting IR
CFT. The same observation was made in [47], where UV` = 0 due to supersymmetry for
UV-protected double-trace operators. We will denote IR` simply by ` below. For various
values of the spacetime dimension d we nd, from (4.20),
d = 3 :
`
0
=
1
2`+ 1
d = 4 :
`
0
=
2H`+1
(`+ 1)(`+ 2)
d = 5 :
`
0
=
12
(`+ 3)(`+ 4)
d = 6 :
`
0
=
18 ( 8H`+3 + `(`+ 7) + 18)
(`+ 1)(`+ 2)(`+ 5)(`+ 6)
(5.7)
where Hx =
Px
n=1 1=n is the harmonic number, and
0 =
8
N
 (d  2)
 (d2) 
2(d 22 ) (2  d2)
(5.8)
where we used aUV = 4=N , which can be found by Wick contractions. From (C.6), we can
also nd the change in OPE coecient of the double-trace scalar operator, which is simply
a
(1)
0 =
2
2  d0 (5.9)
Note that the sign is negative for all d > 2.
Let us analyze these results. We observe that for all d > 4, the anomalous dimensions
` grow like
`1  ` 2 (5.10)
consistent with the lightcone bootstrap [20, 21]. This follows from the previous formu-
las and
H`1  log `+ E +O(` 1) (5.11)
where E is the Euler constant. In d = 3, `1  ` 1; this is also consistent, because the
tower of slightly broken higher spin currents with  = 1 + O(1=N) furnishes the leading-
twist sector of the   OPE instead of O.
The case of d = 4 is somewhat special: we really should work in d = 4   , since (to
leading order in 1=N)
0

d=4 
 4
N
+O(2) : (5.12)
So
`

d=4 
 8
N

H`+1
(`+ 1)(`+ 2)

+O(2) (5.13)
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gives the anomalous dimensions of the []0;` operators at the Wilson-Fisher xed point
of the critical vector model (5.2) in d = 4   (for M = 2 in the present case). At large `,
we see logarithmic behavior,
`1

d=4 
 8
N
log `
`2
+ : : : (5.14)
We may also write (5.13) in terms of the conformal spin,14
J2  (`+ d  2)(`+ d  3) (5.15)
In d = 4  ,
`

d=4 
 8
N
 
H 1
2
( 1+p1+4J2)
J2
!
+O(2) (5.16)
At large J , after the log J=J2 term, the expansion is in even powers of J 2 [66]. It is
interesting to note the similarity of our result to the one obtained in section 4 of [67],
where h2222i was computed in a small deformation of a free scalar CFT in d = 4.
On general grounds, the rst-order anomalous dimensions of the \single-trace" currents,
J` = @
` were found to be (J`) = c1 + c2H 1
2
( 1+p1+4J2), where now J
2 = `(`+ 1), and
the ci are constants that could not be xed by symmetries alone. It would be interesting
to reproduce our results (5.7) using slightly broken higher spin symmetry, which may give
a natural explanation for the appearance of harmonic functions.
The anomalous dimensions (5.12){(5.13) may be also computed directly by conformal
perturbation theory methods in d = 4  , at nite N ; as a check of our results, we outline
this calculation in appendix D for the case ` = 0. The nal result is
0 =
4
N + 4
N + 1
N
;  =

N + 4
(5.17)
which in turn can be seen to match our prediction (5.12) at large N . Note that in our nota-
tion,  = 
(0)
+4+2+0 where 
(0)
 = 2(d 2) is the classical scaling dimension.
Recall that, as explained earlier, while in our calculation above we viewed ; as
single-trace operators in the O(N) singlet sector of a O(N)  O(2) model, we can view
; as certain bilinear O(2N) non-singlet operators, which belong to the rank-two sym-
metric traceless representation of O(2N) (this is the only non-singlet representation ap-
pearing at the level of scalar bilinears).15 Hence, our results above can be seen to give
the connected four-point function of symmetric traceless scalar bilinear operators in the
usual O(n) model,16 and the anomalous dimensions of their double-trace composites. As
far as we know, the result for the anomalous dimensions of the operators []0;`, with 
belonging to the rank-two symmetric traceless representation of O(2N), is new. A closely
14This follows from the general denition J2  1
2
(O + `)(O + `   1) for the exchange of an operator
of dimension O; for us, O = 2(d  2) + ` to leading order in 1=N .
15Under the branching O(2N) 7! O(N)O(2), they are invariant under an O(N) subgroup, but charged
under O(2).
16Note that, of course, while (5.2) was written in a \O(N)O(M)" notation, the xed point has the full
O(n) = O(NM) symmetry since the perturbation is a singlet of O(n).
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related result, which was derived by Lang and Ruhl [68], are the anomalous dimensions of
the singlet double-trace operators [OO]0;`  []0;` (see eq. (4.49) of [69]). It is interesting
to note that in d = 4 , their result has a similar  log(`)=`2 behavior as our result (5.13).
The calculations of this section can be generalized in a straightforward way to the
O(N)O(M) case, where we view O as an O(M) singlet, and take ab in the symmetric
traceless representation of O(M). The OPE data encoded in the change of the four-
point function ha1b1(x1)a2b2(x2)a3b3(x3)a4b4(x4)i can be extracted introducing O(M)
projectors as explained in [47]. In fact, since the exchanged operator O(x) is an O(M)
singlet, the tensor in (4.45) is trivial, and role of the projectors simply cancels out when
expanding in a given OPE channel. Hence, the resulting anomalous dimensions are the
same as those listed above in (5.7).
5.2  = d  1; = d  2
In this case, computing the change in anomalous dimensions of []0;` operators in the IR,
the result (4.20) for low values of d is
d = 3 :
`
0
=
2
2 + `
d = 4   : `  8aUVO

H`+2   1
(`+ 1)(`+ 4)

+O(2)
d = 5 :
`
0
=
3(40 + 9`)
(4 + `)(5 + `)(6 + `)
(5.18)
where we expanded 0 explicitly near d = 4 using (4.11).
One class of UV CFTs in d = 3 in this category comes from supergravity compacti-
cations on AdS4 M7, in which M7 has non-trivial internal cycles. In particular, for any
Sasaki-Einstein M7 with a nonzero second Chern number b2, the CFT has an extra N = 2
conserved current multiplet, the Betti multiplet, due to wrapped M2-branes. These multi-
plets contain  = 1 and  = 2 scalars that are singlets under all global symmetries, which
we identify with O and , respectively, in the calculation above. The  = 1 Betti scalar is
parity odd, so the CFT must break parity in order that aUVO 6= 0. A parity-breaking mech-
anism using internal uxes for CFTs with AdS4M7 duals was introduced in the context of
the ABJ theory [70], where M7 = S
7=Zk, and applied to other M7 with b2 6= 0 in e.g. [71].
Similar simplications as (5.18) occur for other special values of (;).
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A AdS harmonics and propagator identities
The identity (3.15) is closely related to the so-called \split", or harmonic, representation
of the bulk-to-bulk propagator (see e.g. [39, 41, 72]). Since the bulk-to-bulk propagators
with either boundary condition satisfy the same equation (3.13), their dierence must be
proportional to an AdS harmonic function (see e.g. [73] for a review), which may be dened
as the solution to 
r2x +
d2
4
+ 2


(x; y) = 0 ; : (A.1)
with normalization condition
R1
 1 d 
(x; y) = 
(d+1)(x; y). It is well-known that AdS
harmonic functions admit a \split" representation as a convolution of bulk-to-boundary
propagators (see e.g. [39, 41, 56])

(x; y) =
2

Z
@AdS
dd~y0K d
2
+i(x; ~y0)K d
2
 i(y; ~y0) : (A.2)
Noting that we need to take d2=4 + 2 =  m2 =  (   d), i.e.  = i(   d2), and
carefully xing an overall normalization factor (for instance by looking at the coincident
point limit),17 one recovers the identity (3.15).
Let us also note that a single bulk-to-bulk propagator (as opposed to the dierence)
can be written, using (A.1) and (A.2), as
G(x; y) =
Z 1
 1
d

(x; y)
2 + (  d2)2
=
Z 1
 1
d 2
(2 + (  d2)2)
Z
@AdS
dd~y0K d
2
+i(x; ~y0)K d
2
 i(y; ~y0)
(A.3)
The formula (3.15) for the dierence of boundary conditions can then be seen to arise from
just (twice) the contribution of the pole at  = i(   d=2) in the spectral integral above.
As an additional remark, note that the split representation (A.3), coupled with our result
for the \two-triangle" diagram arising from the dierence of boundary conditions, implies
that a given exchange diagram with external operator  and exchange of a scalar with
dimension  can be written as a sum of D-functions (one for each channel) as in (3.9),
with  in the D-function indices replaced by d=2 + i, and integrated over the spectral
parameter  with measure determined by (A.3).
B Identities for functions D, H and G
Let us recollect here explicit denitions and relations between the functions commonly
appearing in the AdS/CFT literature. We follow the notations of [30, 50].
17The precise proportionality constant between the harmonic function and the dierence of bulk-to-bulk
propagators is found to be
Gd (x; y) G(x; y) = 4
d  2
i(  d2 )(x; y) :
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In AdS/CFT calculations, the D-functions are associated to Witten diagrams involving
contact interactions [28{30]. At the four-point level
D1234(x1;x2;x3;x4) =
Z
dz dd~x
zd+1
~K1(z;~x;x1)
~K2(z;~x;x2)
~K3(z;~x;x3)
~K4(z;~x;x4) ;
(B.1)
where we dened the \un-normalized" bulk-to-boundary propagators
~K1(z; ~x; ~x
0) =

z
z2 + (~x  ~x0)2

: (B.2)
The integral in (B.1) may be evaluated introducing Schwinger parameters, and yields
D1234(x1;x2;x3;x4) =
 
 
1
2
P
ii  d2

2
Q
i (i)
Z 1
0
Y
i
di
i 1
i
e 
1

P
i<j ijx
2
ij

1
2
P
ii
; 
X
i
i
(B.3)
This can be written in terms of the \reduced" D-functions, which are functions of cross-
ratios only, as [30]
D1234(x1; x2; x3; x4) =
 
 
  d2

2
Q
i   (i)
x
2( 1 4)
14 x
2( 3 4)
34
x
2( 4)
13 x
22
24
D1234(u; v)
  1
2
X
i
i :
(B.4)
In the denition above, the powers i are arbitrary. In the special case  = d=2, the same
D-functions arise from the well-known four-point conformal integral
I1234(xi) =
Z
ddz
1
(x1   z)21(x2   z)22(x3   z)23(x4   z)24
=

d
2Q
i  (i)
Z 1
0
Y
i
di
i 1
i
e 
1

P
i<j ijx
2
ij
d=2
(B.5)
P
i=d
=

d
2
 (1) (2) (3) (4)
xd 21 2414 x
d 23 24
34
xd 2413 x
22
24
D1234(u; v)
as can be seen by comparing the Schwinger parameter integral in the second line of (B.5)
to (B.3).
The D-functions can be related to the H function dened in [30, 50] as follows:
D1234(u; v) = H (2; 4;1 + 2    + 1;1 + 2;u; v) (B.6)
where  = 12
P
i i and the function H is given by:
H(;;;;u:v) =
 (1 )
 ()
 () () ( ) ( )G(;;;;u;1 v)
+u1 
 ( 1)
 ( 2+2) ( +1) ( +1) ( ++1) (  +1)
G( +1; +1;2 ; 2+2;u;1 v): (B.7)
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The function G may in turn be dened by explicit power series around u = 0, v = 1:
G(; ; ; ;u; 1  v) =
1X
m;n=0
(   )m(   )m
m!()m
()m+n()m+n
n!()2m+n
um(1  v)n (B.8)
For (positive) integer  we also get log u terms in the H function, arising from the gamma
functions and Pochhammer symbols in the formulas above,
H(; ; k; ;u; v)jlog u = ( 1)
k
(k   1)!
 () () (   ) (   )
 ()
G(; ; k; ;u; 1  v) (B.9)
These will be required to reproduce the small-u behavior of the sum over the conformal
blocks. The power series part of the H function is also modied for integer . We will use
following result for  = 1 [50]:
H(; ; 1; ;u; v) =
1
 ()
 () () (   ) (   )
 
  log uG(; ; 1; ;u; 1  v)
+
1X
m;n=0
(   )m(   )m
(m!)2
()m+n()m+n
n!()2m+n
fmnu
m(1  v)n
!
;
fmn  2 (1 +m) + 2 ( + 2m+ n)   (   +m)   (    +m)
   (+m+ n)   ( +m+ n)
(B.10)
Also note that the G-function obeys a small-u expansion
G(; ; 1; ;u; 1  v) = 2F1(; ; ; 1  v) +O(u) (B.11)
The D-functions obey the following symmetry relations:
D1234(u; v) = v
1+4  D2143(u; v)
= u3+4  D4321(u; v)
= D3214(v; u)
= D 3 4 1 2(u; v)
= v 2 D1243(u=v; 1=v)
= v4  D2134(u=v; 1=v)
(B.12)
C Some calculational details
In this appendix we collect various odds and ends of the calculations in sections 3 and 4.
C.1 Adding the ! 		 channel to (3.31)
The result for the change in the four-point function h		i in the ! 		 channel can
be written as:
F(u; v)
!		 =  
CO
C
p
COO
C		O
C		
p
COO
 ()
 
 

2
4
 
 
d
2  
u+	2 D d 
2
;
2
; d 
2
;
2
(u; v)
(C.1)
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Let us also dene:
cUVO =
CO
C
p
COO
cUV		O =
C		O
C		
p
COO
(C.2)
The UV and IR values of these coecients obey the relation (2.11). Extracting the anoma-
lous dimensions using the same strategy as before, we may get the following combined
result:
` =
(	)`
()`
4F3

 `;`++	 1; d  +	
2
;
 +	
2
;	;	;
d
2
;1


2aUV	O () 

d + 	
2

 

d  +	
2

 
 
d
2

 
 
d
2 

 

+ 	
2

 

 +	
2
 + (C.3)
+
2cUVOc
UV
		O () 
 
d 
2
2
 
 
d
2

 
 
d
2 

 
 

2
2 4F3 `;`++	 1; d 2 ;2 ;;	; d2 ;1

Notice that when  = 	 we retain the relationship (4.20) between the ` and 0. The
value of 0 would have the same dependence on d and  with the following prefactor:
0  aUV	O + cUVOcUV		O 	   ! aUVO (C.4)
as it should, since the three-point coecient would have two channels contributing in
this case.
We now write down the result of the large spin expansion. It ts the general predictions
of the lightcone bootstrap [20, 21]:
`  2a
UV
	O () () (	)
 

+ 	
2

 

 +	
2

 

+	
2   2
 1
`
  2a
IR
	O (d ) () (	)
 

d + 	
2

 

d  +	
2

 

+	
2   d 2
 1
`d 
(C.5)
+
2cUVOc
UV
		O () () (	)
 
 

2
2
 
 
   2

 
 
	   2
 1
`
  2c
IR
Oc
IR
		O (d ) () (	)
 
 
d 
2
2
 
 
   d 2

 
 
	   d 2
 1
`d 
We may also write down the result for the a
(1)
0 coecient:
a
(1)
0 =
aUV	O () 

d + 	
2

 

d  +	
2

 
 
d
2

 
 
d
2 

 

+ 	
2

 

 +	
2
  + 	
2

+ 

 +	
2

+ 

d + 	
2

+ 

d  +	
2

 2 

d
2

+2
!
+
2cUVOc
UV
		O () 
 
d 
2
2
 
 
d
2

 
 
d
2 

 
 

2
2
 
 


2

+ 

d 
2

  

d
2

+
!
(C.6)
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C.2  + 	 =    2p for p > 0
We can extend the results of section 3.4.1 for all p. In general one has to compute the
D-functions in (3.31) with
1 =
d
2
   p ; 2 = d
2
+ p ; 3 =  p+  ; 4 =  + p ; (C.7)
extracting the term of O(1=2) in the small  limit. Upon doing so we nd the follow-
ing features. First, only the rst p terms diverge like 1=2. The powers of u range from
u 
d
2 ; u 
d
2
+1; : : : ; u 
d
2
+p. There is never a log term, so the change in anomalous dimen-
sions always vanishes, n;` = 0. For example, for p = 1 we nd
D d
2
  1; d
2
+1; 1+;+1(u; v) 
 ( + 1) 
 
d
2    1

u 
d
2
2
 ((d  2( + 1)) + ( + 1)(v   1)(d  2( + 1))  2u( + 1)) +O( 1)
(C.8)
and hence
F(u; v)   aUV	O
 
u=2

2 +

2

+ 2

(v   1)  4( + 1)u
(d  2  2)

+
u
v
+	
2
v=2

2 +

2

+ 2

(u  1)  4( + 1)v
(d  2  2)
! (C.9)
Note the d-independence of the leading term at small u, in analogy with the result at p = 0.
C.3 Deriving (4.20)
Here we explicitly extract the residue of the contour integral (4.17). The relevant part of
F is, using (4.10),
F(u;1 x)ju logu =
aUVO () 
2
 
d 
2

 
 
d
2

 2
 

2

 
 
d
2 
 (C.10)


2F1

d 
2
;

2
;
d
2
;x

+(1 x) d 2  2F1

d 
2
;
d 
2
;
d
2
;x

From (4.17), the residue is given by the coecient of x` in the product of (C.10) with
F1  `(x), dened as the hypergeometric function in (4.13). For the rst term in (C.10)
it is rather straightforward to extract the term of order x` by multiplying the respective
hypergeometric series. For the second term in (C.10) one uses the following identity:
2F1(a; b; c;x) = (1  x) b2F1

b; c  a; c; x
x  1

(C.11)
to transform the integrand of (4.17) to
x 1 ` (1  x)` 1 F1  `

x
x  1

2F1

d 
2
;

2
;
d
2
;
x
x  1

(C.12)
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The nal step is to take xx 1!x, which transforms the power law prefactor in the integral as
dxx 1 ` (1  x)` 1 ! dx ( 1)`x 1 ` (C.13)
and only deforms the small contour around x = 0 without changing the orientation. This
proves that both terms contribute the same when ` is even and cancel out for odd `. The
end result is given in (4.18){(4.20).
C.4  6= 	 anomalous dimensions
Here we give some intermediate steps leading to (4.32), (4.33). To handle the case of
pairwise identical operators, we introduce a following generalization of the F(x) function
in (4.13):
F;a(x) = 2F1 ( + a;    a; 2; x) (C.14)
xF;a(x) are eigenfunctions of the operator Da = x
2(1 x)@2x x2@x+a2x with eigenvalue
(   1), and obey the orthogonality condition
1
2i
I
x=0
x 
0 1F;a(x)F1 0;a(x) = ;0 (C.15)
with    0 2 Z and a counterclockwise contour encircling the origin. At u  1, the
conformal blocks take the form:
gn;`(u 1; v)  gcolln;` (v) = x`F+	
2
+n+`;
 	
2
(x) (C.16)
where x = 1  v.
With this in hand we proceed as in section 4.1.2. The leading log u term of F at small
u is
F [	](u; v)

log u
 u
+	
2
2
X
`
a
(0)
` `x
`F+	
2
+`;
 	
2
(x) (C.17)
Applying the orthogonality condition (C.15) allows us to write down the following gener-
alization of (4.17):
` =
1
ia
(0)
`
I
x=0
x 1 `F
1 +	
2
 `;  	
2
(x)

F [	](u; 1  x)
u
+	
2 log u

: (C.18)
From the explicit form of the four-point function (3.31), the relevant piece is
F(u;v)

u
+	
2 logu
=
aUV	O () 

d + 	
2

 

d  +	
2

 
 
d
2

 
 
d
2 

 

+ 	
2

 

 +	
2
 (C.19)
v d   	2 2F1

d + 	
2
;
d  +	
2
;
d
2
;1 v

:
Upon plugging this into (C.18) and extracting the residue, we arrive at (4.30), and the
nal formulas (4.32), (4.33).
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D Conformal perturbation theory for the \O(N) O(2)" model in
d = 4  
In this appendix we briey review the framework of conformal perturbation theory to
calculate the anomalous dimensions of the  and  elds in the O(N)  O(2) model
in d = 4   . We may view the action as a sum of free theory of 2N scalar elds and a
perturbation by an operator O2:
S = S0 + 
Z
ddx O2(x) (D.1)
where O(x) = ii is the singlet operator with tree-level dimension 0 = d   2, and
S0 =
R
ddx@
i@ i.
We will need to rst study the two-point function of  = ii and  = i i to the
rst order in perturbation theory:
h(x)(y)i = h(x)(y)i0   
Z
ddzh(x)(y)O2(z)i0
=
C2
jx  yj20   C3
Z
ddz
1
jy   zj20 jx  zj20 ;
(D.2)
where C2 and C3 are two- and three-point function coecients respectively in the unper-
turbed theory:
h(x)(y)i0 = C2jx  yj20
h(x)(y)O2(z)i0 = C3jx  zj20 jy   zj20
(D.3)
The values of C2 and C3 are obtained by direct Wick contractions in the unperturbed
theory:
C2 = 2NC
2

C3 = 4NC
4

(D.4)
where C is dened as:
hi(x)j(y)i = C
ij
jx  yj2 ; C =
1
22
(D.5)
where the 2 in the denominator follows from our denition of the  eld: i = 'i;1 + i'i;2
where 'i;a, i = 1; : : : ; N , a = 1; 2 are real scalar elds with canonical normalization.
Using the integralZ
ddz
1
jx  zj2jy   zj2 =

d
2
jx  yj2(+  d2 )
 
 
d
2   

 
 
d
2   

 
 
+    d2

 () () (d    ) (D.6)
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we nd, after plugging d = 4   and 0 = 2   into (D.2) to the leading order in ,
h(x)(y)i = C2jx  yj20   
C3
jx  yj20
42jx  yj

=
C2
jx  yj20   
C3
jx  yj20 4
2

1

+ log jx  yj+O()
 (D.7)
We may now exploit the fact that we are only interested in the anomalous dimension at
the conformal xed point of the O(2N) model,  = 
2
N+4 [74], such that the full two-point
function in the interacting theory has to be power-law:
h(x)(y)i = C2()jx  yj2(0+()) =
C2
jx  yj20  
C2
jx  yj2o 2 log jx  yj+ : : : (D.8)
where () =  0 = 2 +  and : : : stands for terms which either do not have logs or
are higher order in . Then we may identify the logarithmic terms to nd () to lowest
order:18
 =
22C3
C2
 =

N + 4
(D.9)
Notice that  is of order 
2, as well known, and doesn't contribute at lowest order. Then
the nal result can be matched to the well-known anomalous dimension of the symmetric
traceless tensor of the O(2N) model [46, 74].
A similar calculation for the  operator may be carried out repeating the same steps
as above, where ~C2 and ~C3 are now dened through:
h(x)(y)i0 =
~C2
jx  yj40
h(x)(y)O2(z)i0 =
~C3
jx  yj20 jx  zj20 jy   zj20 :
(D.10)
The z-dependence of the three-point function is the same as in the previous calculation,
and so will be the value of the integral. To extract  we also recall the denition of the
anomalous dimension for a composite operator:
 = 20 + 4 + 2 +  : (D.11)
Here again,  will not matter, being of order O(
2). Expanding the exact two-point
function and calculating ~C2 and ~C3, we get:
~C2 = 4N
2C4
~C3 = 16N(3N + 2)C
6

(D.12)
and
 + 2 =
22 ~C3
~C2
 =
2
N + 4
3N + 2
N
(D.13)
from which we get
 =
4
N + 4
N + 1
N
(D.14)
in agreement with (5.17).
18A more accurate argument introducing the multiplicative renormalization of  would lead to the same
result.
{ 34 {
J
H
E
P
0
2
(
2
0
1
8
)
1
7
5
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] K.G. Wilson and M.E. Fisher, Critical exponents in 3.99 dimensions, Phys. Rev. Lett. 28
(1972) 240 [INSPIRE].
[2] D.J. Gross and A. Neveu, Dynamical Symmetry Breaking in Asymptotically Free Field
Theories, Phys. Rev. D 10 (1974) 3235 [INSPIRE].
[3] I.R. Klebanov and E. Witten, AdS/CFT correspondence and symmetry breaking, Nucl. Phys.
B 556 (1999) 89 [hep-th/9905104] [INSPIRE].
[4] E. Witten, Multitrace operators, boundary conditions and AdS/CFT correspondence,
hep-th/0112258 [INSPIRE].
[5] I.R. Klebanov and A.M. Polyakov, AdS dual of the critical O(N) vector model, Phys. Lett. B
550 (2002) 213 [hep-th/0210114] [INSPIRE].
[6] S.S. Gubser and I.R. Klebanov, A Universal result on central charges in the presence of
double trace deformations, Nucl. Phys. B 656 (2003) 23 [hep-th/0212138] [INSPIRE].
[7] M. Berkooz, A. Sever and A. Shomer, 'Double trace' deformations, boundary conditions and
space-time singularities, JHEP 05 (2002) 034 [hep-th/0112264] [INSPIRE].
[8] W. Mueck, An Improved correspondence formula for AdS/CFT with multitrace operators,
Phys. Lett. B 531 (2002) 301 [hep-th/0201100] [INSPIRE].
[9] S.S. Gubser and I. Mitra, Double trace operators and one loop vacuum energy in AdS/CFT,
Phys. Rev. D 67 (2003) 064018 [hep-th/0210093] [INSPIRE].
[10] T. Hartman and L. Rastelli, Double-trace deformations, mixed boundary conditions and
functional determinants in AdS/CFT, JHEP 01 (2008) 019 [hep-th/0602106] [INSPIRE].
[11] D.E. Diaz and H. Dorn, Partition functions and double-trace deformations in AdS/CFT,
JHEP 05 (2007) 046 [hep-th/0702163] [INSPIRE].
[12] I.R. Klebanov and E. Witten, Superconformal eld theory on three-branes at a Calabi-Yau
singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080] [INSPIRE].
[13] A.L. Fitzpatrick, E. Katz, D. Poland and D. Simmons-Dun, Eective Conformal Theory
and the Flat-Space Limit of AdS, JHEP 07 (2011) 023 [arXiv:1007.2412] [INSPIRE].
[14] T. Hartman, S. Jain and S. Kundu, Causality Constraints in Conformal Field Theory, JHEP
05 (2016) 099 [arXiv:1509.00014] [INSPIRE].
[15] Z. Komargodski, M. Kulaxizi, A. Parnachev and A. Zhiboedov, Conformal Field Theories
and Deep Inelastic Scattering, Phys. Rev. D 95 (2017) 065011 [arXiv:1601.05453]
[INSPIRE].
[16] D. Li, D. Meltzer and D. Poland, Conformal Bootstrap in the Regge Limit, JHEP 12 (2017)
013 [arXiv:1705.03453] [INSPIRE].
[17] L.F. Alday and A. Zhiboedov, Conformal Bootstrap With Slightly Broken Higher Spin
Symmetry, JHEP 06 (2016) 091 [arXiv:1506.04659] [INSPIRE].
{ 35 {
J
H
E
P
0
2
(
2
0
1
8
)
1
7
5
[18] M. Kulaxizi, A. Parnachev and A. Zhiboedov, Bulk Phase Shift, CFT Regge Limit and
Einstein Gravity, arXiv:1705.02934 [INSPIRE].
[19] I. Heemskerk, J. Penedones, J. Polchinski and J. Sully, Holography from Conformal Field
Theory, JHEP 10 (2009) 079 [arXiv:0907.0151] [INSPIRE].
[20] Z. Komargodski and A. Zhiboedov, Convexity and Liberation at Large Spin, JHEP 11 (2013)
140 [arXiv:1212.4103] [INSPIRE].
[21] A.L. Fitzpatrick, J. Kaplan, D. Poland and D. Simmons-Dun, The Analytic Bootstrap and
AdS Superhorizon Locality, JHEP 12 (2013) 004 [arXiv:1212.3616] [INSPIRE].
[22] J. Maldacena, D. Simmons-Dun and A. Zhiboedov, Looking for a bulk point, JHEP 01
(2017) 013 [arXiv:1509.03612] [INSPIRE].
[23] L.F. Alday and A. Zhiboedov, An Algebraic Approach to the Analytic Bootstrap, JHEP 04
(2017) 157 [arXiv:1510.08091] [INSPIRE].
[24] D. Li, D. Meltzer and D. Poland, Non-Abelian Binding Energies from the Lightcone
Bootstrap, JHEP 02 (2016) 149 [arXiv:1510.07044] [INSPIRE].
[25] D. Li, D. Meltzer and D. Poland, Conformal Collider Physics from the Lightcone Bootstrap,
JHEP 02 (2016) 143 [arXiv:1511.08025] [INSPIRE].
[26] L.F. Alday, A. Bissi and E. Perlmutter, Holographic Reconstruction of AdS Exchanges from
Crossing Symmetry, JHEP 08 (2017) 147 [arXiv:1705.02318] [INSPIRE].
[27] F. Gonzalez-Rey, I.Y. Park and K. Schalm, A Note on four point functions of conformal
operators in N = 4 super Yang-Mills, Phys. Lett. B 448 (1999) 37 [hep-th/9811155]
[INSPIRE].
[28] H. Liu and A.A. Tseytlin, On four point functions in the CFT/AdS correspondence, Phys.
Rev. D 59 (1999) 086002 [hep-th/9807097] [INSPIRE].
[29] E. D'Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Graviton exchange
and complete four point functions in the AdS/CFT correspondence, Nucl. Phys. B 562
(1999) 353 [hep-th/9903196] [INSPIRE].
[30] F.A. Dolan and H. Osborn, Conformal four point functions and the operator product
expansion, Nucl. Phys. B 599 (2001) 459 [hep-th/0011040] [INSPIRE].
[31] F.A. Dolan and H. Osborn, Superconformal symmetry, correlation functions and the operator
product expansion, Nucl. Phys. B 629 (2002) 3 [hep-th/0112251] [INSPIRE].
[32] S. Giombi and X. Yin, On Higher Spin Gauge Theory and the Critical O(N) Model, Phys.
Rev. D 85 (2012) 086005 [arXiv:1105.4011] [INSPIRE].
[33] M. Hogervorst and B.C. van Rees, Crossing symmetry in alpha space, JHEP 11 (2017) 193
[arXiv:1702.08471] [INSPIRE].
[34] M. Hogervorst, Crossing Kernels for Boundary and Crosscap CFTs, arXiv:1703.08159
[INSPIRE].
[35] A. Gadde, In search of conformal theories, arXiv:1702.07362 [INSPIRE].
[36] S. Caron-Huot, Analyticity in Spin in Conformal Theories, JHEP 09 (2017) 078
[arXiv:1703.00278] [INSPIRE].
[37] J. Murugan, D. Stanford and E. Witten, More on Supersymmetric and 2d Analogs of the
SYK Model, JHEP 08 (2017) 146 [arXiv:1706.05362] [INSPIRE].
{ 36 {
J
H
E
P
0
2
(
2
0
1
8
)
1
7
5
[38] D. Simmons-Dun, D. Stanford and E. Witten, A spacetime derivation of the Lorentzian
OPE inversion formula, arXiv:1711.03816 [INSPIRE].
[39] J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, JHEP 03
(2011) 025 [arXiv:1011.1485] [INSPIRE].
[40] M.S. Costa, V. Goncalves and J. Penedones, Conformal Regge theory, JHEP 12 (2012) 091
[arXiv:1209.4355] [INSPIRE].
[41] M.S. Costa, V. Goncalves and J. Penedones, Spinning AdS Propagators, JHEP 09 (2014)
064 [arXiv:1404.5625] [INSPIRE].
[42] X. Bekaert, J. Erdmenger, D. Ponomarev and C. Sleight, Towards holographic higher-spin
interactions: Four-point functions and higher-spin exchange, JHEP 03 (2015) 170
[arXiv:1412.0016] [INSPIRE].
[43] E. Dyer, D.Z. Freedman and J. Sully, Spinning Geodesic Witten Diagrams, JHEP 11 (2017)
060 [arXiv:1702.06139] [INSPIRE].
[44] C. Sleight and M. Taronna, Spinning Witten Diagrams, JHEP 06 (2017) 100
[arXiv:1702.08619] [INSPIRE].
[45] E. D'Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Extremal correlators
in the AdS/CFT correspondence, hep-th/9908160 [INSPIRE].
[46] S. Rychkov and Z.M. Tan, The -expansion from conformal eld theory, J. Phys. A 48
(2015) 29FT01 [arXiv:1505.00963] [INSPIRE].
[47] S. Giombi and E. Perlmutter, Double-Trace Flows and the Swampland, arXiv:1709.09159
[INSPIRE].
[48] L. Fei, S. Giombi and I.R. Klebanov, Critical O(N) models in 6   dimensions, Phys. Rev.
D 90 (2014) 025018 [arXiv:1404.1094] [INSPIRE].
[49] K. Diab, L. Fei, S. Giombi, I.R. Klebanov and G. Tarnopolsky, On CJ and CT in the
Gross-Neveu and O(N) models, J. Phys. A 49 (2016) 405402 [arXiv:1601.07198] [INSPIRE].
[50] F.A. Dolan and H. Osborn, Implications of N = 1 superconformal symmetry for chiral elds,
Nucl. Phys. B 593 (2001) 599 [hep-th/0006098] [INSPIRE].
[51] D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the
CFTd=AdSd+1 correspondence, Nucl. Phys. B 546 (1999) 96 [hep-th/9804058] [INSPIRE].
[52] A. Petkou, Conserved currents, consistency relations and operator product expansions in the
conformally invariant O(N) vector model, Annals Phys. 249 (1996) 180 [hep-th/9410093]
[INSPIRE].
[53] K. Symanzik, On Calculations in conformal invariant eld theories, Lett. Nuovo Cim. 3
(1972) 734 [INSPIRE].
[54] K. Lang and W. Ruhl, The critical O(N) -model at dimension 2 < d < 4 and order 1=n2:
Operator product expansions and renormalization, Nucl. Phys. B 377 (1992) 371 [INSPIRE].
[55] S. Giombi and X. Yin, On Higher Spin Gauge Theory and the Critical O(N) Model, Phys.
Rev. D 85 (2012) 086005 [arXiv:1105.4011] [INSPIRE].
[56] T. Leonhardt, R. Manvelyan and W. Ruhl, The group approach to AdS space propagators,
Nucl. Phys. B 667 (2003) 413 [hep-th/0305235] [INSPIRE].
{ 37 {
J
H
E
P
0
2
(
2
0
1
8
)
1
7
5
[57] E. Hijano, P. Kraus, E. Perlmutter and R. Snively, Witten Diagrams Revisited: The AdS
Geometry of Conformal Blocks, JHEP 01 (2016) 146 [arXiv:1508.00501] [INSPIRE].
[58] A.L. Fitzpatrick and J. Kaplan, Unitarity and the Holographic S-matrix, JHEP 10 (2012)
032 [arXiv:1112.4845] [INSPIRE].
[59] A.P. Prudnikov, Y.A. Bryckov and O.I. Maricev, Integrals and series. 3, More special
functions, Gordon and Breach, New York (2002).
[60] J.A. Wilson, Some hypergeometric orthogonal polynomials, SIAM J. Math. Anal. 4 (1980)
690.
[61] T.G. Mertens, G.J. Turiaci and H.L. Verlinde, Solving the Schwarzian via the Conformal
Bootstrap, JHEP 08 (2017) 136 [arXiv:1705.08408] [INSPIRE].
[62] O. Aharony, O. Bergman, D.L. Jaeris and J. Maldacena, N = 6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 10 (2008) 091
[arXiv:0806.1218] [INSPIRE].
[63] M.A. Vasiliev, Higher spin gauge theories: Star product and AdS space, hep-th/9910096
[INSPIRE].
[64] S. Giombi and X. Yin, The Higher Spin/Vector Model Duality, J. Phys. A 46 (2013) 214003
[arXiv:1208.4036] [INSPIRE].
[65] S. Giombi, Higher Spin-CFT Duality, arXiv:1607.02967 [INSPIRE].
[66] L.F. Alday, A. Bissi and T. Lukowski, Large spin systematics in CFT, JHEP 11 (2015) 101
[arXiv:1502.07707] [INSPIRE].
[67] L.F. Alday, Solving CFTs with Weakly Broken Higher Spin Symmetry, JHEP 10 (2017) 161
[arXiv:1612.00696] [INSPIRE].
[68] K. Lang and W. Ruhl, The critical O(N) -model at dimensions 2 < d < 4: Fusion
coecients and anomalous dimensions, Nucl. Phys. B 400 (1993) 597 [INSPIRE].
[69] S. Giombi, V. Kirilin and E. Skvortsov, Notes on Spinning Operators in Fermionic CFT,
JHEP 05 (2017) 041 [arXiv:1701.06997] [INSPIRE].
[70] O. Aharony, O. Bergman and D.L. Jaeris, Fractional M2-branes, JHEP 11 (2008) 043
[arXiv:0807.4924] [INSPIRE].
[71] D. Martelli and J. Sparks, AdS4=CFT3 duals from M2-branes at hypersurface singularities
and their deformations, JHEP 12 (2009) 017 [arXiv:0909.2036] [INSPIRE].
[72] A.L. Fitzpatrick, J. Kaplan, J. Penedones, S. Raju and B.C. van Rees, A Natural Language
for AdS/CFT Correlators, JHEP 11 (2011) 095 [arXiv:1107.1499] [INSPIRE].
[73] J. Penedones, High Energy Scattering in the AdS/CFT Correspondence, arXiv:0712.0802
[INSPIRE].
[74] K.G. Wilson, Quantum eld theory models in less than four-dimensions, Phys. Rev. D 7
(1973) 2911 [INSPIRE].
{ 38 {
